A subset of a given continuum is called a shore set if there is a sequence of continua in the complement of this set converging to the whole continuum with respect to the Hausdorff metric. A point is called a shore point if the one point set containing this point is a shore set. We present several examples of a lambda-dendroid which contains two disjoint shore continua whose union is not a shore set. This answers a question of Van C. Nall in negative.
Introduction
A continuum means a nonempty compact connected metrizable space. A continuum is said to be decomposable if it can be written as a union of two proper subcontinua and it is called hereditarily decomposable if every nondegenerate subcontinuum is decomposable. A continuum is said to be hereditarily unicoherent provided that the intersection of any pair of its subcontinua is connected or empty. A dendroid is a hereditarily unicoherent arcwise connected continuum.
A λ-dendroid is a hereditarily unicoherent and hereditarily decomposable continuum. It is well known that any dendroid is a λ-dendroid [2, p. 226] .
A continuous mapping is called monotone provided preimages of points are connected. A continuous mapping between two continua is called hereditarily monotone if any restriction of this mapping to a subcontinuum is monotone.
A subset A of a continuum X is called a shore set if there is a sequence of subcontinua of X disjoint with A whose limit is the whole space X (with respect to the Hausdorff metric). A point x ∈ X is called a shore point if {x} is a shore set. We denote by I the interval [0, 1] and by C the Cantor set, i.e. the subset of I consisting of all numbers of the form 3 −i a i where a i ∈ {0, 2}.
The examples
We provide here a negative answer to the question of Van C. Nall, who asked in [3, Question 4.7] if the union of two disjoint shore subcontinua of a λ-dendroid is a shore set. We recall that this is known to be true in the realm of dendroids as shown in [1, Theorem 3] . Our first example is strongly influenced by an example of a dendroid from [1, Example 5] in which a union of two (nondisjoint) shore subcontinua is not a shore set. In Example 1 we define a λ-dendroid X ⊆ R 3 with two disjoint shore continua A and B, such that A ∪ B is not a shore set.
Example 1 ("Wavy hair").
For any c ∈ C \ {0}, where c = 3 −i a i we denote by j(c) the smallest natural number n for which a n = 2. We define a mapping f :
Thus O c is an arc joining the points (c, It is easily verified that the space X is a continuum. It was shown in [1, Example 5] , that a continuum homeomorphic to the quotient X/F is a dendroid. Thus X/F is a dendroid and by Proposition 7 we deduce that X is a λ-dendroid-the only assumption which remains to verify is that the quotient mapping q : X → X/F is hereditarily monotone. Thus take any subcontinuum K of X and suppose that the restriction q K is not monotone. This is only possible when
Denote by ε the distance of p from the continuum K . There is n ∈ N for which 3 −n < ε. Consider the set C 1 of all c ∈ C for which c > 3 −n and such that the smallest k ∈ N for which f k (c) < 3 −n is congruent to j(c) modulo 2, or 0 < c 3 −n and j(c) is odd. Let C 2 be the set C \ (C 1 ∪ {0}) and let I k be the closed interval with endpoints (−1) k · 2 and p 3 for k = 1, 2. Consider the following pair of closed sets
are two closed sets which cover K and which are disjoint on K , because their intersection is the set (
Since K is connected we get that K is contained in one of the two sets. Thus we get a contradiction with a, b ∈ K .
We show that A and B are shore sets. Because of similarity it is enough to show that A is a shore set. Define
The sequence M n ∪ M n of continua converge to the whole space X with respect to the Hausdorff metric and moreover M n ∪ M n is always disjoint with A. It remains to show that the set A ∪ B is not a shore set. Suppose for contradiction that this is not true. Hence we can find a continuum L ⊆ X which is disjoint with A ∪ B and which intersects
is a component of X \ U and thus L ⊆ F . This is a contradiction. 
Remark 2.
(a) We can easily observe that there is no need to include the whole symmetrical copy Z of Z in the continuum X from Example 1. It is enough to add e.g. an arc. Let A, B and Z be as defined in Example 1 and denote
Then X is a λ-dendroid with shore sets A and B, but A ∪ B is not a shore set. Let us sketch another example of a λ-dendroid X with two shore points, whose union is not a shore set. In Example 1
and its modifications there are a lot of useless simple triods. Unnecessary simple triods do not occur in Example 3.
Example 3 ("Braids").
Suppose that C is an isometric copy of the Cantor set C in the segment connecting the points (0, 1) and (1, 1) in the plane. Let us consider a continuum Y in the plane which consists of the segment with endpoints (0, 0) and (1, 0), each segment connecting the point (0, 0) with a point in C whose first coordinate is less than one half, and each segment connecting the point (1, 0) with a point in C whose first coordinate is bigger than one half. From the topological point of view this is just a disjoint union of two copies of the Cantor fan, whose central points are connected with an arc. Now, we make a simple modification of the continuum Y in each open strip bounded by the lines y = 1/n and y = 1/(n + 1) for n ∈ N. For n = 1 we do nothing. For n = 2 we cancel all the points in the strip R × (1/3, 1/2) which lie on some straight line connecting the point (0, 0) with a point in C whose first coordinate is in the interval [2/9, 3/9]. Similarly we delete all the points in the strip which lies on some straight line connecting the point (1, 0) with a point in C whose first coordinate is in the interval [6/9, 7/9]. On the other hand we add two topological copies of C × I which are glued to the rest according to Fig. 3 . This is somehow realised in R 3 .
We proceed similarly in the third strip by deleting the points on the lines connecting the point (0, 0) with a point in C ∩ ([2/27, 3/27] ∪ [8/27, 9/27]) and the points on the lines connecting the point (1, 0) with a point in C ∩ ([18/27, 19/27] ∪ [24/27, 25/27]). Now we glue four topological copies of C × I over the third strip according to Fig. 3 .
Observe that we have two copies of the Cantor set on the level y = 1. We see four copies of C on the level y = 1/2, we number them from left to right by numbers from 1 to 4. In the strip between levels y = 1/2 and y = 1/3 we switch the second and third copies. We make one switch. Similarly we see eight copies of C on the level y = 1/3, we number them from left to right by numbers from 1 to 8. In the strip between levels y = 1/3 and y = 1/4 we switch the second and seventh copies, simultaneously we switch the fourth and fifth copies. We make two switches.
Similarly we see 16 copies of C on the level y = 1/4, we number them from left to right by numbers from 1 to 16. In the strip between levels y = 1/4 and y = 1/5 we switch the 2nd and 15th, 4th and 13th, 6th and 11th and finally 8th and 9th copies. We make 4 switches.
If such a modification is done appropriately in each of the strips, we obtain a λ-dendroid X with the property that any point in C whose first coordinate is in the set { n i=1 3 −i a i : a i ∈ {0, 2}, n ∈ N} is connected by an arc, which does not contain (1, 0), with the point (0, 0). Moreover the set of these arcs is dense in the continuum X . A symmetric result holds too. Thus we can realise that the points (0, 0) and (1, 0) are shore points. Their union is not a shore set, since any nondegenerate subcontinuum of X not containing (0, 0) and (1, 0) is just an arc.
Let us define the last example of a λ-dendroid X with two shore points a and b, whose union is not a shore set. We note that the λ-dendroids in Examples 3 and 4 use the similar idea.
Example 4 ("Dreads"). Consider a continuum
and let {c n : n ∈ N} be a one-to-one sequence for which {c 2n : n ∈ N} and {c 2n−1 : n ∈ N} are dense subsets of C . See Fig. 4 . We define X as the quotient Y / ∼, where ∼ is the smallest equivalence on Y for which (0, y, z) ∼ (0, y, z ) and
and n ∈ N. Let a and b be the points in X which are the equivalence classes of (0, 1, 0) and (0, −1, 0) respectively. We mention without proof that X is a λ-dendroid, the points a and b are shore points and the set {a, b} is not a shore set. Proof. Suppose for contradiction that A and B are two subcontinua of X whose intersection A ∩ B is not connected. There are two nonempty closed disjoint sets E and F such that
is hereditarily unicoherent and thus the set
) is nonempty and contains a point, say z. Then f −1 (z) ∩ (A ∪ B) is a hereditarily unicoherent continuum which is disjoint with E ∪ F . But then f −1 (z) ∩ A and f −1 (z) ∩ B are two nonempty closed disjoint sets whose union is f −1 (z) ∩ (A ∪ B) . This contradicts connectedness of this continuum. 
and that K ∩ f −1 (A) as well as K ∩ f −1 (B) are continua, because f is hereditarily monotone. Moreover these are proper subcontinua of K . Thus K is decomposable. 2
Questions
The continuum in Example 1 (and its modifications in Remark 2) is clearly not planar since it contains uncountable many disjoint simple triods. Examples 3 and 4 seem to be nonplanar too. Thus a natural question arises. Question 9. Is the union of two disjoint closed shore sets in a dendroid a shore set?
